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1. Introduction

Throughout the paper F, will denote the finite field with ¢ elements, where g is a power
of a prime number, p. Moreover, we will restrict to schemes of finite type defined over such
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a finite field. Let X denote the Grassmann variety of [-dimensional subspaces of a fixed
m-dimensional vector space V. One way to obtain the projective variety structure on X
is via the Pliicker embedding p: X — ]P’(T)_l. The corresponding Grassmann code is
obtained by evaluating sections of the line bundle on X obtained as the restriction of the
canonical line bundle on ]P’(T)*l at the [F-rational points on X. Originally introduced by
Ryan in [16], and investigated by Ryan and Ryan in [17], the Grassmann codes are natural
generalizations of the well-known Reed-Miiller codes (see, for example, [13]). A significant
advantage in efficiency is gained by considering these geometric codes. Indeed, already
in the case of projective spaces, the performance of the projective Reed-Miiller codes,
compared to the classical generalized Reed-Miiller codes, are much better [11, Section
3]. The parameters for a general Grassmann code over F, was computed later in [14],
with much of these calculations later extended to some other important subvarieties of
Grassmannians [5,6] as well as to some other partial flag varieties [15] (see [7] also).

In the present context, by a projective embedding of an algebraic variety or a scheme
X, we mean a closed immersion of X into a projective space P™ in the sense of [8, §3,
Chapter II]. One may consider many other projective embeddings of the Grassmannian
other than the Pliicker embedding. For example, let ¢ : Gr(l, V) — P((A' V)®") denote
the projective embedding of Gr(I, V) that is obtained by composing the diagonal Pliicker
embedding with the r-fold Segre embedding of []" P( /\l V). The resulting code is ob-
tained by evaluating the global sections of the restriction of the canonical line bundle on
the corresponding projective space to the Grassmannian, at the F,-rational points of the
Grassmannian. The goal of the present paper is to explicitly determine the parameters of
all such codes obtained from the Grassmannian. This is part of a larger effort to compute
parameters of codes produced from the large class of algebraic varieties called projective
spherical varieties, which contain as special cases the class of all projective embeddings
of Grassmannians, flag varieties as well as toric varieties.

It may be also worth pointing out that [11, Theorem 2] had considered such higher
dimensional embeddings of the projective space and computed the parameters of the
resulting Reed-Muller codes. More precisely, when | = 1, the Grassmann variety Gr(l,V)
is equal to the projective space of lines in V, that is, P(V) = P™~1. In this case we get
the projective Reed-Miiller codes; for every r € N, the relevant embedding is provided
by the r-th symmetric power of V. The parameters of such codes were determined by
Lachaud in [11, Theorem 2]. Thus the results of the present paper may be also viewed
as an extension of [11] to all Grassmannians. This also explains why we chose the title
of our paper as the Higher Grassmann Codes; we consider higher dimensional projective
spaces to embed the Grassmann variety, such as via the composition of the diagonal
Pliicker embedding with the Segre embedding.

Let = denote a variable, and let a be a positive integer. Then the a-th rising factorial
of z, denoted by 2%, is the product (®) = z(z +1)---(z +a — 1).

Let ¢ denote a power of a prime number p. It is convenient to denote by [m], the

polynomial 14q+- - -+¢m~ ! = q;f , which is often called the g-analog of m since its eval-
uation at ¢ = 1 is m. The g-factorial of m is defined by [m],! := [m]s[m —1]; - - - [2]4[1],-
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As convention, we set [0]; := 1. For [ € {0,...,m}, the g-binomial coefficient W]q is

defined by

It is well-known that, if q is a power of a prime number, then [ . ]q is the IF,-rational points
of the Grassmann variety of [-dimensional subspaces of an m-dimensional vector space.
Also, there is an elementary combinatorial interpretation of [’ﬂq in terms of partitions
of integers.

Moreover, one may recall the following standard terminology used in coding theory.
A k-dimensional vector subspace W in an n-dimensional vector space V' defined over F,
is called an [n, k, d]4-code. Here, d is defined as the minimum of the distances between
distinct elements of W; the distance is defined by the number of coordinates where two
vectors differ from each other. The integer n is often called the length of the code, and k
is called the dimension of the code.

Let {e1,...,en} denote the standard basis for F', and let x1,...,z, denote the
corresponding coordinate functionals on F. An [n,k,d],-code W C F is said to be
nondegenerate if W is not contained in any of the following coordinate hypersurfaces:

Hi={veF!: z(v)=0}=F""  (ie{l,...,n}).

In the language of [21], there is a 1-1 correspondence between the set of equivalence
classes of nondegenerate [n, [, d],-codes and the set of equivalence classes of projective
[n, k, d]4-systems, which are defined as follows.

Let X be an algebraic variety with n F,-rational points. Let ¢ : X — P™~! be an

embedding, and let x1, ..., z, denote the images of the F,-rational points of X in pm-1
4
Z1,...,Zn to E'\ {0} in the given order. Then we get an evaluation map on the linear

Let E denote the Fg-vector space ", and let y1,...,y, denote (arbitrary) liftings of

forms of E,
ev:E* — )
fr—=(f1),---, f(yn))- (1.1)

The image of ev, denoted by C, is the projective [n, k, d]4-system associated with ¢. Note
that the length of C is n, its dimension is k = m —dim ker(ev), and its minimum distance
is given by

d = min{|X(F,)| — |X(F,) Nker(f)| : f€ E* and X(F,) ¢ ker(f)}.

Example 1.2. As before, let V be an m dimensional vector space over F,. The points in
T

the image of the Pliicker embedding p : Gr(l,V) — p(i)-1 can be viewed as projective
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[n, k, d]4-systems, where n = ["}] ‘and k = (). These projective systems (or rather the
q
codes corresponding to these projective systems) are called the (classical) Grassmann

codes.

Adopting the above notation, we now present a special case of our main theorem,
which is recorded as Theorem 4.1 in the sequel.

Theorem 1.3. Let ¢ : Gr(l,V) — IP’((/\l V)®") denote the projective embedding of Gr(l, V)
that is obtained by composing the diagonal Pliicker embedding with the r-fold Segre em-
bedding of HT]P”(/\Z V). If C is the projective [n,k,d],-system corresponding to v, then
for every sufficiently large prime characteristic p > 0, the parameters of C' satisfy the
following conditions:

_mm]  __ [m]glm—1]4---[m—1+1]
Lon= [l(];z e,
- om" (m=1)") .. (m—141)'"
2. k= : 1(r) 2(r) ...(l(r) ) )
3. ql(m—l) _ qu(m_l)_l <d< ql(m—l) _ (T _ 1)ql(m—l)—1'

We know that the upper bound for the minimum distance is achieved for r = 1 by [14]
as well as for [ = 1 by [11]. We conjecture that the upper bound is always achieved. Note
that as a polynomial in ¢, the leading term of n in Theorem 1.3 is ¢!(™~Y. Also, the

I(m—1)—1

coefficient of ¢ in n is 1. (We will justify these statements in Section 2 by using

a simple, well-known combinatorial argument.) Then the leading term of the difference

Hm=0=1 Tt follows that, if we fix r, then for every sufficiently big

n — d is given by rq
q, the difference n — d is greater than k. In other words, our codes satisfy the Singleton
bound for sufficiently large values of ¢. Let us point out that there is an effective way,
due to Jantzen, to check how small the characteristic p can be in order for our theorem
to hold; it is explained in Remark 2.10.

Next, we want to point out some facts about the parameters of our codes. First of all,
for r > 1, it is easy to see by an inductive argument that the dimensions of our codes
are all greater than (7}”)7 which is the dimension of Grassmann codes obtained from the
Pliicker embedding as shown in [14]. On the other hand, it is already apparent from the
r = 2 case of Theorem 1.3 that our codes may have smaller minimum distance compared
to the ordinary Grassmann codes (r = 1). Nevertheless, as ¢ — 0o, the dominating term
of the minimum distance of our code is also given by ¢'™~. Therefore, on finite fields
with big characteristic exponents, our codes become more advantageous compared to the
ordinary Grassmann codes.

The paper is structured as follows. In Section 2, we setup our notation, and we review
some basic representation theory and algebraic geometry facts regarding Grassmann
and Schubert varieties. In Section 3, we analyze the Biatynicki-Birula decomposition
of Gr(1,V) in relation with that of P(A'V). In Section 4, we prove our main result
by giving a lower bound for the dimension of C' for small prime characteristics. By
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applying Weyl’s dimension formula to calculate this lower bound, we conclude our paper
by proving Theorem 1.3 in Section 4.1.

Acknowledgments. At the time of writing this paper, the first author was partially sup-
ported by a grant from Louisiana Board of Regents (no. 555596). The authors thank the
referees for their careful reading of the paper and for their constructive comments.

2. Preliminaries

In this section we will introduce the most basic objects and notation for our paper.
We recall that we will restrict to schemes of finite type defined over a fixed finite field
F,.

For a positive integer m € Z, we will use the notation [m] to denote the finite set
{1,...,m}. For I € [m], the set of all I-element subsets of [m] is denoted by ([Tl”]). We
view (I) as a chain, where the total order is given by the lexicographic ordering. More
precisely, we view the elements of ([Tl"]) as increasing sequences of [-tuples of integers
from [m], and we order them lexicographically. The lexicographic order on ([T]) will be
denoted by <. In particular, whenever ([T]) appears as an indexing set of some vector, we
always assume that its elements are ordered according to <. We will refer to an element
of ([Tl”}) as an [-subset.

An integer partition of m is a non-increasing sequence of positive numbers A =
(A1,...,As) such that Y7, A\; = m. The Young diagram of X is a top-left justified ar-
rangement of the boxes with A\; boxes in the i-th row. For example, the Young diagram
of the integer partition A = (7,3, 3,2,1) of 16 is shown in Fig. 2.1.

The coefficient of the monomial ¢* in [’ﬂ . is given by the number of integer partitions
of a whose Young diagram fit into an | x (m — ) grid [20, Proposition 1.7.3]. This well-
known combinatorial fact is a direct consequence of the decomposition of the Grassmann
variety Gr(l,F") into Schubert cells, which we will review in the sequel. By abuse of
notation, let us use A C I x (m — ) to indicate that the Young diagram of the integer
partition A fits inside the I x (m —1) grid. Then we have the following polynomial identity
which summarizes our discussion:

m _ # of boxes in A
M 1t Y g .
q ACIX (m—1)

Fig. 2.1. The Young diagram of (7,3,3,2,1).
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7||||H ]

Fig. 2.2. The Young diagrams of the integer partitions whose Young diagram fits in a 2 X 2 grid.

Thus, the coefficients of the monomials ¢"™~9 and ¢!(m=D-1 in [’l”]q are equal to 1.

In particular, the leading term of [ﬂq is ¢'™=D. We used this fact to justify (in the
introduction) the fact that our codes in Theorem 4.1 satisfy the Singleton bound.

Example 2.1. Let m = 4, = 2. Then, there are 5 integer partitions whose Young diagram
fits into 2 x 2 grid. We depicted the Young diagrams of these integer partitions in Fig. 2.2.

It follows from the list of Young diagrams in Fig. 2.2 that
4
H =14+q¢+2¢°+ ¢+ ¢*
q

We finish this subsection by introducing another commonly used notation. The mul-
tiplicative group of nonzero entries in IFqX will be denoted by G,,.

2.1. The Grassmann varieties

Let K be a field. Let SL,,, denote the group of m xm matrices with determinant 1 with
entries from K. The diagonal maximal torus in SL,,, denoted by T',, is a split torus. The
Borel subgroup of upper triangular matrices in SL,,, denoted by B,,, contains T,,. We
denote by X (T,,) the group of rational characters of T,,, and the dual of X(T,,), that
is Homz (X (T),), Z), is denoted by Y (T,,). The nondegenerate bilinear pairing between
X(T,,) and Y(T,;,) will be denoted by (, ). The Weyl group of SL,, is isomorphic to S,
the symmetric group of permutations of the set [m]. It acts on T, by conjugation, hence,
it acts on the groups X (T,,) and Y (T,,). However, the pairing (,) is Sp,-invariant. The
root system of the pair (SL,,,, T,,) will be denoted by R. Explicitly, it is given by the set of
vectors R = {g; —¢; : 1 <14,j7 <m}, where {€1,...,&} is the standard basis for the m-
dimensional Euclidean Q-vector space. The system of positive roots determined by B,,,
denoted by Rt is given by Rt = {&;—¢; : 1 <i < j < m}. The subset of simple roots in
R™ will be denoted by S; it is given by S = {; : a; = g;—¢;11, 1 <i < m—1}. The duals
of the basis vectors ; (1 <i < m — 1) are denoted by «;’, and the fundamental weights

) . 1 ifi=j
w; (1 <4< m—1) are defined by equations (wi,ajv> = 0 ) for a; € S. Note
otherwise

that the i-th fundamental weight wo; is the highest weight vector of the i-th fundamental
representation A’k of SL,,. The submonoid generated by @; (1 <i <m—1) in X(T,,),
denoted by X (T,,)+, is the monoid of dominant weights. Then we have,

X(Tw)s ={r € X(Twn): (N a)) >0 for every a; € S}.
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(A'V)\ {0}

p:Gr(l,v) —— p(i)-?

Fig. 2.3. The Pliicker coordinates of Gr(l, V) come from the coordinates on A' V.

It is well-known that for every finite dimensional irreducible representation W of SL,,,
there is a unique dominant weight A € X (T,,) called the highest weight of W, see [10,
Chapter 11.2]. In other words, simple SL,,-modules are parametrized by the elements of
X(Tm)+

Since it is the point of departure for our paper, we will briefly review the definition
of the Pliicker embedding. Let V' be an m-dimensional vector space. We fix a basis
{e1,...,em} of V. Note that an [-dimensional subspace M of V can be identified with
an | x m matrix A = A(M), where the rank of A is . Indeed the rows of such a matrix
span an [-dimensional vector subspace; two such matrices A;, Ay span the same vector
subspace if and only if there exists ¢ € GL; such that A; = gA,.

Let Mat; ,,, denote the space of [ x m matrices (over a field) and let Mat?ﬁm denote
the Zariski open subset consisting of rank [ matrices. Then GL; acts by the left matrix
multiplication on Mat?)m, and the quotient is precisely the Grassmann variety Gr(l, V).
In this interpretation, the elements of Gr(l, V) are the equivalence classes of matrices
[A] where A € Mat?m. The Pliicker embedding of Gr(l,V) is defined by p : Gr(l,V) —

P(T)*l, [A] — (det AI)IG([""])’ where Aj is the [ x [-minor of A determined by the
columns indexed by 1. l

Finally, let us point out the fact that Gr(l,V) is a homogeneous space for SL,, as
well as for GL,,:

GT’(Z, V) = SLm/StabSLm(<61, R 6l>) = GLm/StabGLm(<61, - ,6[>).

Here, (e1,...,¢e;) is the [-dimensional subspace spanned by ej,...,e; in V.
2.2. Projective embeddings of Gr(l, V')

Let V' denote the m-dimensional K-vector space K" with the standard basis
{e1,...,em}. The I-th fundamental representation of SL,, is given by the I-th exte-
rior power of V. It is well-known that the Picard group of Gr(l,V) is generated by the
ample line bundle £(w;).

The dual of the space of global sections, that is H*(Gr(l,V), L(z;))*, is isomorphic
to AlV. Therefore, the Pliicker coordinates on Gr(l,V) are given by the restrictions of
the coordinate functions on the affine space AT = Aly,

Next, we will consider the space of global sections of the line bundle £(rw;), where r
is a positive integer. Since L(rw;) is very ample, it gives a closed embedding,

70 Gr(l, V) <= P(H*(Gr(1,V), L(rwm;))*). (2.2)
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The analogs of Pliicker coordinates for (2.2) are called the standard monomials. In this
section, we will compute the parameters of the codes that we will construct from (2.2).
Since the underlying idea of computations is the same for every r > 1, we will present
the simplest case, that is r = 2.

To identify the projective space in (2.2), we first embed Gr(l, V) into P* x P*?, where
s = (";) — 1; this embedding is given by the composition of the diagonal embedding of
Gr(l,V) into Gr(l,V) x Gr(l,V) followed by the doubled Pliicker embedding. Then we
use the Segre embedding to embed the doubled projective space into a bigger projective
space. We denote the morphism defined by these compositions by ¢. In summary, we
have the following diagram:

L Gr(l, V) 22 Gr(L, V) x Gr(l, V) 2XBy ps x s S8, pates, (2.3)

We will describe explicitly the image of (2.3).
Let M be a point from Gr(l,V), and let (mq,ma,...,ms1) denote its image under
the Pliicker embedding. Then we have

Equivalently, (m;m;)i=1,...,
j=1,...,s+1

MaMinP(ANVeAV).

We will show that ¢ is very useful for understanding the embedding (2.2). We proceed
with some general remarks.

Let G be a connected reductive group, and let B be a Borel subgroup. Let P be a
standard parabolic subgroup, that is, P is a parabolic subgroup and B C P. We assume
that all of these (sub)groups are defined over K :=F,.

There is a canonical projection map 7 : G/B — G/P, and for every locally free sheaf
S on G/ P, there is an isomorphism

H°(G/P,S) — H°(G/B,7*S). (2.5)

In our special case, if P is the maximal parabolic subgroup in G = SL,,, corresponding
to the fundamental weight w;, and B is the Borel subgroup B,,, then we have the
isomorphism

HY(G/P, L(rw;)) — H°(G/B,7*L(rw=;)) (2.6)

for every r € Z. Therefore, as far as our embedding (2.2) concerned, we can work with
the SL,,, module H°(G/B, 7*L(rw;)). To be precise, we will work with the dual of this
module.
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Definition 2.7. Let T be a maximal torus such that T C B. For every A € X(T), we
will use the abbreviation H®(rw;) := H°(G/P, L(rw;)). If A is a dominant weight from
X(T), then the G-module, V (\) := H°(—wo\)*, where wy is the longest element of the
Weyl group W, is called the Weyl module associated with .

We have several remarks in order.

Remark 2.8. The formal characters of V() and H%(\) are always equal, see [10, Chapter
11.2.13].

Remark 2.9. In characteristic 0, Weyl modules give irreducible representations of G, and
furthermore, V()\) is isomorphic to H°(\). However, in characteristic p # 0, they (the
Weyl modules) are in general non-simple. Nevertheless, the isomorphism V()\) = H?())
holds if V() is simple. This follows from [10, Chapter I1.6, Proposition 6.16]. In this case,
we can compute the dimension of V() via Weyl character formula, see [10, Chapter IIL.5,
Corollary 5.11]. Since this is a formal computation, it can be performed over Z (hence
over C) as well.

Remark 2.10. For every field K and positive integer m € N, the exterior powers /\l K™
(1 <1< m) are simple SL,,-modules, see [10, Chapter II1.2.15]. More generally, (over a
finite field K = F,) there is an explicit characterization of the weights A such that V/(\)
is simple, see [9, pg. 113]. It goes as follows: Let p denote the characteristic of K, and
let p denote the weight wy + - - - + @y, —1. Then V(A) is simple over K if and only if for
each positive root @ = ¢; —¢; € RT with 1 <14 < j < m the following property holds:
Let (A +p,aV) = ap® +bp**!, where a, b, s are nonnegative integers such that 0 < a < p.
Then there should exist 8y, B1,...,8, € RT with (A4 p,3Y) = p**1 for 1 < i < b and
(A p, By) = ap® with a = Z?:o Bi and with a— 3y € R. Equivalently, there exist integers
i =1ip <iy < - <ip <ipy1 =jsuchthat {3;: 0<i<b}={e, —€i,,: 0<0v< b}
and By € {e; —€i,,€i, —¢;}. Notice that for every sufficiently big prime number, we have
b= s =0, hence, (A + p,a¥) = a < p. In this case, all of the subsequent conditions
automatically hold. Therefore, V() is a simple SL,,(K)-module. This observation is
exploited in the paper [2] as well.

2.3. Schubert varieties in Gr(l,V)

Let G be an algebraic group, and let B be a Borel subgroup of G. Let G/P be a
projective homogeneous space, where P is a parabolic subgroup such that B C P. To
a large extent, the geometry and the topology of G/P is determined by its Schubert
subvarieties. By definition, a Schubert variety in G/P is the Zariski closure of a B-orbit
in G/P. In the case of Grassmann varieties, they can be defined quite explicitly.

For a subset J C [m], we will denote by E; the subspace (e; : j € J). In particular,
we will denote by Ep;) (j € [m]) the subspace (e1,...,e;). Let I = {i1,...,i;} be an
element of ([T]). The Schubert cell associated with I in Gr(l,V) is the affine space
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X(4,5} =Gr(2,V)

X{1,2y = pt.

Fig. 2.4. The Grassmann variety Gr(2, V) and its Schubert varieties, where dimy V = 5.

Cr:={WeGr(l,V): dim(WnEy)=I|IN[j| for every j € [m]}.  (2.11)

It is not difficult to verify that if I # I’, then C; N Cyp = . It is also not difficult to
check that the union of all Schubert cells is equal to Gr(l, V). The decomposition

ar,v)y= || ¢ (2.12)

1)

is called the Bruhat-Chevalley decomposition of Gr(l,V).
The Zariski closure of Cy in Gr(l,V), called the Schubert variety associated with I, is
given by

X;:=Cr={W eGr(l,V): dim(W N Ey) > [IN[j]] for every j € [m]}.

The intersection ring (the Chow ring) of Gr (I, V) is completely determined by the classes
of Schubert varieties. For I = {iy,...,4},J = {j1,...,4;} from ([T]), the inclusion
relationship between X; and X ; is given by the entry-wise comparisons:

X; CX; < i, <j, for every r € [I]. (2.13)
We have an example of the Hasse diagram of this partial order in Fig. 2.4.

Remark 2.14. Tt is not difficult to check from (2.13) that the Schubert -cell
Clm—i+1,m—1+2,..,m} is open and dense in Gr(l,V), and that, there is a unique one-
codimensional Schubert subvariety X’ in Gr(l,V). The indexing set of X’ is given by
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{m—1l,m—1+2,m—1+3,...,m}. This divisor of Gr(l,V) is precisely the intersection
of the image of the Pliicker embedding (Fig. 2.3) with the hypersurface of P(/\l V') that
is given by the vanishing of the last coordinate variable with respect to <. This remark
will be justified in Section 4.

2.4. Tsfasman-Serre theorem

In this section, to simplify our notation and to be consistent with our references, we
will denote by 7, the g-analog of m + 1, where ¢ is a power of a prime number. In other

words, we set

T, 1= [m+1]q—[ 1

m+ 1}

q
If X is a variety defined over [, then by X (F,) we will denote the set of Fy-rational
points of X.

As we mentioned before in our discussion of the Grassmann varieties, 7, is the car-
dinality of the projective space P™(F,). The following theorem about the number of
zeros of a homogeneous polynomial on a projective space was originally conjectured by
Tsfasman; it was first proved by Serre [18] and then by Sgrensen [19]. More recently,
Datta and Ghorpade [3] found a conceptual proof of it.

Theorem 2.15. Let P be a nonzero homogeneous polynomial of degree r from
Fylzo, ..., xm]. If r < g+ 1, then

Hx € P™(F,): P(x) =0} <r¢™ ' +mpm_os. (2.16)

Remark 2.17. Let aq,...,a, be distinct elements of I,. If » < g, then it is easy to check
that the polynomial

Gr(xoy ..y Tm) = (x1 — a1xo) - - - (T1 — arx0)

has exactly 7¢™ ! + 7,,_2 zeros in P™(F,). Likewise, it is easy to check that the poly-
nomial

9r(Z1,. . ym) = (21 —a1) - (21 — ap),

has exactly r¢™~! zeros in A™(F,). It is well-known that this is the maximum of the
number of Fg-rational points on a hypersurface of degree r in A™(F,), [12, Theorem
6.13].
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3. Some helpful lemmas

In this section, K denotes a finite field with ¢ elements; all of our algebraic groups
are defined over K.

Let s denote (")) — 1, and let {F1,...,Foy1} denote the standard basis for AV if
r € {1,...,s 4+ 1} corresponds to the subset I = {i1,...,4;} € ([7?]), then F. is given
by F. = e, N---ANe;. Let x1,...,2541 denote the corresponding Pliicker coordinate
functionals on A' V. Thus, z, = F for 7 € {1,...,7+1}. Then the coordinate functionals
on P(A'V @ \'V) are given by T, ®xj, 4,5 €{1,...,s+1}.

As we mentioned before, we know from Nogin’s work that the minimum distance on
Gr(l,V) is given by

d=|{M ¢ H,: M e Gr(l,V)}| = ¢™b, (3.1)

where v is any completely decomposable vector from /\mfl V= (/\l V)*, and H, is the
hypersurface defined by H, = {w € /\l Vi wAv=0} (see [14, Theorem 2, Proposition
3]). Here, a vector v € A™ 'V is said to be completely decomposable if there exist m — I
vectors uy,...,Um—; € V such that v = u; A --- A up—;. It is easy to check that the
Pliicker coordinate functions are completely decomposable. In the sequel, we will not
distinguish between A™ 'V and (A' V)*.

We set v to be the last Pliicker coordinate function with respect to =<, that is, v :=
Zsy1. Let us write [H,] for the projectivization of H,, that is, the image of H, under
the canonical projection (A'V)\ {0} — P(A'V). Then [H,] N Gr(l,V) is the unique
Schubert divisor of Gr(l,V). Thus we have the following alternative description of d:

d=|{M € Gr(l,V): zo(M)#0}|

- m —{M € Gr(l,V): zyir(M)=0}|. (3.2)
q
It follows from our discussion in Subsection 2.3 that d is the number of K-rational points
on the open the subset {M € Gr(l,V) : xs11(M) # 0}. From a similar vein, we will
compute the minimum distance of the embedding Gr(l,V) < P(H"(rw;)*). The main
“novel ingredient” of our computation is the fact that the geometry of a higher twisting
of the Pliicker embedding is essentially determined by the cellular decomposition of the
relevant projective space.
The action of GL,, on V induces an action on /\l V. Let A : G,, — T,, denote the
one-parameter subgroup defined by

A(t) = diag(t™, ..., t'-1), (3.3)

where v, ..., vn_1 are integers such that v; = 2¥i+1 for ¢ € {0,...,m —2}. By A, we get
an action of G,,, on P(\'V):
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l
t-[A]:=[A(#)-A]  (tE€Gn, Ac \V). (3.4)

Warning: The notation [A] indicates that we are taking the image of the vector A under
the projection A' V\{0} — P(A’ V). This should not be confused with [m], which stands
for the set {1,...,m}. We trust that this clash of notation will not cause any confusion
for the reader.

Lemma 3.5. The fized point set of the action of G,, is given by ]P’(/\l V)G =
{F, - [Foal}t

Proof. Let [(ao,...,as)] be a point in P(A'V), and let ¢ € G,,. Then we have
t-[(ao,...,as)] = [(t==0"qy, ... tXEm-1¥ig)]  (t € Gp). (3.6)

The way that we chose the positive integers vy, ..., v,,—1 ensures that the exponents of
t in on the right hand side of (3.6) are strictly decreasing from left to right. It follows
that

-1, m-1
[(ao, ..., as)] # [(t=i=0Yiaq, ... t2i=m—1Vig,)],

unless all but one of the coordinates is zero. Therefore, the fixed point set of the G,-
action is given by {[(1,0,...,0)],[(0,1,0,...,0)],...,[(0,...,0,1)]}, which is precisely
our standard basis {F},...,Fs11}. O

For i € {1,...,s+ 1}, the subvariety

l
Fi={(a1,...,a:,1,0,...,0) : a1,...,0; € K} CP(/\V) (3.7)
is called the plus-cell corresponding to Fjy; it is isomorphic to the affine space K*. Since
PN V) =17, F;", the plus-cell decomposition is a cellular decomposition of P(A'V)
in the sense of algebraic topology.

Clearly, the Grassmann variety Gr(l, V) in P(A' V) is stable under the action (3.4),
and furthermore, every fixed point of A is contained in Gr(l,V). It follows that the
intersections of the plus-cells (3.7) with Gr(l,V) give the plus-cell decomposition of
Gr(l,V).

Next, we will prove that this plus-cell decomposition of the Grassmann variety agrees
with its Bruhat-Chevalley decomposition, (2.12).

Lemma 3.8. Let r € {0, ..., s} correspond to the subset I € ([”;]) with respect to <. Then
FrnGr(l,V) is equal to the Schubert cell Cy.

Proof. The Pliicker embedding is a GL,,-equivariant morphism. Let B,, denote the
Borel subgroup of upper triangular matrices in GL,,. On one hand we have that C; is
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the B,,-orbit of F,. [1, Proposition 1.1.3]. On the other hand, we see that the B,,-orbit
of [(0,...,0,1,0,...,0)], where 1 appears in the r-th position, is given by F,'. Indeed,
the action of B,, on P( /\l V') is obtained from the first fundamental representation of
GL,, on V = K™ whereby, B,, e, = {(e1,...,e.). Since the nonzero Pliicker coordinate
functions on F,' are the ones that correspond to the [-subsets J € ([77]) such that J <1,
we see the B,,-orbit of F, in IP’(/\Z V) is contained in F,'. In particular, we see that
FrNnGr(l,V) =By, - F,. This finishes the proof of our lemma. 0O

We now justify Remark 2.14.

Corollary 3.9. The unique Schubert divisor X{m_im—i+2,...m} S equal the intersection
of Gr(1, V) with the hypersurface {xs41 =0} of P(A'V).

Proof. As we already pointed out in Remark 2.14, the uniqueness of the one-
codimensional Schubert subvariety is easy to check from the Bruhat-Chevalley order
(2.13). The Pliicker coordinate function x5 corresponds to the subset {m—I+1,...,m}
which is maximal with respect to <. In other words, by Lemma 3.8, {z,+1 # 0}NGr(l, V)
is the open Schubert cell in Gr(l, V). Therefore, its complement, also called the bound-
ary, is B,,-stable. In particular, the boundary of the open cell is a union of Schubert
subvarieties. Since there is a unique codimension one Schubert subvariety (hence, all
other proper Schubert subvarieties are contained in this one), the boundary is equal
to X{m—t,m—i+2,.,m) as claimed. But the complement is equal to the intersection
{zs41 =0} NGr(l,V). This finishes the proof of our claim. O

4. The main theorem

Recall that the dimension of an algebraic geometric [n, k, d];-code C' on a projective
variety X < P" is given by the “dimension” of the image of the evaluation map ev : E* —
Fy', that is, | = m—dim ker(ev). Here, we view E* as the vector space homogeneous linear
forms on P" = P(E). If the projective embedding of X is E is an equivariant embedding
with respect to an action of an affine group G, then the kernel of the evaluation map
has the structure of a finite dimensional G-module. In the case of Grassmann codes that
we discussed earlier (Example 1.2), the Pliicker embedding of Gr(l,V) is given by the
SL,,-representation /\l V', which is well-known to be a simple SL,,-module, hence, the
corresponding evaluation map is injective. This is essentially the reason why one does not
need to mention anything further about [; it is simply the dimension of the irreducible
representation /\l V. However, for all other projective embeddings of Gr(l, V), the kernel
of the evaluation map is not trivial since the corresponding SL,,-module may not be
simple. In general, the simpleness of the corresponding Weyl module strongly depends
on the characteristic of the base field F,.

We are now ready to prove our main theorem.
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Theorem 4.1. Let C denote the projective [n, k, d]-system associated with the closed em-
bedding obtained from the composition

T l

v: Gr(L, V) — P(JJ(A'V) — P((A\V)®").
Then the parameters of C' satisfy

Lon=[7],,
9. ql(m—l) _ ,rql(m—l)—l <d< ql(m—l) _ (T _ l)ql(m—l)—l}
3. dim socsy,,, (H(rw;)) < k < dim H(row;),

where socsy,,, HO(rw;) is the unique simple submodule of H°(rz;). Moreover, the upper

m

bound for k is achieved if HO(rw;) is a simple SL,,-module.
Before we give the proof of our main theorem, we have a remark in order.

Remark 4.2. First, let us point out that if the characteristic of the underlying field is big
enough, then H®(rw;) is a simple SL,,-module. In this case, we have k = dim H°(rcw;).
As we will show in the sequel, the dimension of H%(rw;) can be calculated by the well-
known Weyl dimension formula. These observations show that Theorem 1.3 follows from
Theorem 4.1 when p is sufficiently big.

Secondly, even if H°(rc;) is not simple, in lower ranks, the formal character of
socst, (H°(rw;)), hence its dimension, is not so difficult to compute; see [10, Chapter
11.8].

Proof. By our discussion from Subsection 2.2, the image of ¢ is contained in the pro-
jective subspace P(H(rzw;)*) in P((A' V)®7); for r = 2, the corresponding embedding
of Gr(l,V) is explicitly given by the assignment (2.4). The case of an arbitrary » € N
is a straightforward generalization of this special case. Also, we already know that the
number of Fy-rational points of Gr(l,V) is [T] ” This is the length of our code. We now
proceed to compute the minimum distance.

Let Op((pt v)er)(1) denote the first Serre twist of the structure sheaf of P((A\'V)@m).
The pullback of this line bundle under the Segre embedding is equal to the r-fold tensor
product Op(ziy)(1) K- K Op(iy,)(1). The restriction of this product to the diagonal,
which is isomorphic to IP’(/\l V), is given by the multiplication of the sections of the
factors; it lands in Op 1y (r). Therefore, we notice that a degree one hypersurface in
P((A' V)®7) determines a degree r hypersurface in P(A’ V). Since our goal is to compute
the minimum distance, we will work with the hypersurfaces in P((A' V)®") having the
highest number of F-rational points. Therefore, in light of Remark 2.17, we will consider
the following degree r polynomial:
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c1<ip < <ip <s+1],
(4.3)

P = strl(strl - blxs) T (xs+1 - brflxs) € Fq[xil Ty

T

where b1, ...,b.—1 are distinct nonzero elements of F,. In particular, the number of -
rational points of the hypersurface Up := {P = 0} in IP’(/\l V) is equal to 7¢* ™1 + ms_o.

Next, we intersect Up with the Grassmann Gr(l,V'); we will determine the number of
F,-rational points of the intersection. In other words, we want to determine the number

{M e Gr(l,V): (zsr1(xst1 — bixs) - (Ts11 — br_1s)) (M) = 0}]. (4.4)

We split our analysis of the defining equation in (4.4) into three major cases:

1. zs1(M) =24(M)=0and M € Gr(l,V);
2. 2511 (M) =0,2s(M)#0and M € Gr(l,V);
3. 2511 (M) #0, (541 — b1xs) -+ (541 — br_15)) (M) = 0, and M € Gr(l,V).

In the first case, that is {M € P(A'V) : zos1(M) = 2,(M) = 0} N Gr(l,V), we get
every point M from Gr(l, V) which is not contained in the Schubert cells of codimension
< 1. Since Gr(l, V) has a unique Schubert divisor, we see that

l
01 € PAY): 0 (O0) =, (00) =0} N Gr(t V)] = [7] = gm0 g,

In the second case, we get precisely the codimension one Schubert cell in Gr(l, V), which

has ¢~D~1 clements. Finally, in the third case, the intersection

!
{M € IP’(/\ V)i 2e01(M) #0, (g1 — brxs) -+ (X541 — br125)) (M) =0} N Gr(l,V)

is a hypersurface in the dense Bruhat cell of Gr(l, V). Since the defining equation of this
hypersurface is given by (xs41(M)—bixs) -+ (X541 (M) —br_125) = 0, where x,11 (M) #
0, and b;’s are distinct elements from F,, this hypersurface has exactly (r — 1)g"m=0=1
F,-rational points, see Remark 2.17. Thus, we see that the total number of zeros of the

homogeneous polynomial s y1(2sy1 — bixs) -+« (2541 — br—125) on Gr(l,V) is given by

(

It follows that an upper bound for the minimum distance on Gr(l, V) in P(( /\l V) is
given by

l

| —

m
:| o ql(m—l) _ ql(m—l)—l> +ql(7rz—l)—1 + (T’ _ 1)ql(m—l)—1
q

m _ 1) —
_ |:l:| 7ql(m l)+(7"71)ql( 1) 1'
q
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{7’7] _ qfﬂ — g m=D 4 (r — 1)ql(m—l)—1> = gm0 _ (p — 1)g!m=D=1 (4.5)
q q

Next, we will prove our formula for the lower bound for the minimum distance. To
this end, let @ be a homogeneous degree r polynomial from Fgy[z1,...,2s+1] such that
the intersection Ho NGr(l, V) attains the maximum number of F,-rational points among
all such intersections. Here, Hg denotes the hypersurface in P( /\l V) defined by Q. It
follows that the intersection of Hg with the open cell of Gr(l, V) is nonempty. We assume
that this intersection attains the maximum number 7¢'(™~9~1 see Remark 2.17. Under
these assumptions, we see that

|Ho N Gr(L, V)]s, < g™~ + m gD, (46)

q

where [Tl”] 0 ¢'m=b is the number of F,-rational points in the complement of the open
cell in the Grassmannian. Since (4.6) is an upper bound for the number of zeros of @) on
Gr(l,V) over Fy, a lower bound for the minimum distance is given by

|:T;L:| o <|:’r7:| _ ql(m—l) +rql(7rz—l)—1> _ ql(m—l) _ qu(m—l)—l' (47)
q q

By combining (4.5) and (4.7), we obtain the following inequalities for the minimum

distance,
ql(mfl) _ qu(mfl)fl < d < ql(mfl) _ (7" _ 1)ql(mfl)71. (48)

It remains to compute the dimension of our code. Since the image of ¢ is contained
in P((HY(Gr(l,V), L(rwm;))*), the image of the evaluation map ev : (A" V)®7)* — Fy
agrees with the image of the (restricted) evaluation map ev : H%(rw;)* — F;'. On one
hand, if H%(ro;) is a simple SL,,,-module, then so is H(rc;)*. In this case, the kernel
of the evaluation map is trivial, hence, k¥ = dim H(rz;). On the other hand, if our finite
dimensional module H®(rw;) is not simple, then it is not guaranteed that the kernel of
the evaluation map is trivial. Nevertheless, it is always true that the sum of all simple
submodules, namely, the socle of H°(rw;), is not contained in the kernel. Indeed, it is
well-known that socsy,,, H%(rz;) is simple [10, Corollary 11.2.3], so, if it were contained
in the kernel, then the evaluation map has to map the whole vector space to 0, which
would be absurd. This argument shows that the dimension of the evaluation map is at
least as big as dimsocsy,,, H(rw;). Hence, the proof of our assertion is finished. 0O

We conclude this subsection by a remark that expands on the last part of the proof
of our Theorem 4.1. Let A denote the (dominant) weight rw;. We assume that H°()) is
a simple SL,,-module. Then, as we pointed out before in Remark 2.9, the Weyl module
V()) is isomorphic to H()). Since V() is generated, as an SL,,,-module, by a B-stable
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1(1]2(2(5
21234
3|14|5

Fig. 4.1. A semistandard Young tableau of shape (5,4, 3).

line of weight A [10, Ch. II, Lemma 2.13], we see that the SL,,-orbit of a nonzero vector in
the socle of H?(\)* generates the whole module. In our case, the SL,,-orbit of a nonzero
vector on such a line is isomorphic to Gr(l, V). (This fact is also well-known, [10, Ch II,
§2.16].) Thus, the projective space on H°(\)* is spanned by the image of the embedding
of our Grassmann variety.

4.1. Weyl’s character and dimension formulas

Let A = rw; (r € N) be a dominant weight for SL,,. As we mentioned before,
assuming that H(roo;) is simple, its character and dimension can be computed as if we
are working over the field of complex numbers. In particular, in this case we can apply
the well-known combinatorics of Young tableaux. The purpose of this subsection is to
briefly explain how this methodology works. A general reference for this material is [4].

Recall that the monoid of dominant weights for (SL,,, B,,, T;,) is generated by the
fundamental weights w; (1 <i<m —1). Let ayo1 + -+ 4+ am—1@m—1 € X(T)n)+ be a
dominant weight for some nonnegative integers a; € N (1 < i <m—1), and set A, := 0.
Then the sequence A = (A, ..., Ay,) defined by the equations,

)\i—/\H_l:ai forie[m—l]

is an integer partition, that is, Ay > Ay > -+ > A,,. Clearly, if we are given A, then we can
solve these equations for a;’s as well. In other words, there is a one-to-one correspondence
between the integer partitions and the dominant weights for the special linear groups. In
light of this bijection, a1ww; + « - - + @m—_1@Wm—1 ¢~ A, hereafter, for the sake of brevity,
let us denote by W(\) the simple module H*(Gr(1,V), L(a1w01 + ++* + Gm—1Tm—1))*-

Let A = (A1,..., ) be an integer partition. Recall that the Young diagram of ) is a
top-left justified arrangement of the boxes with A; boxes in the i-th row. A semistandard
Young tableau of shape X (or, an SSYT of shape A, for short) is a filling of the boxes of
the Young diagram of shape A with positive integers that is weakly increasing in every
row and strictly increasing in every column. For example, in Fig. 4.1, we have an SSYT
of shape (5,4,4). Let T be an SSYT of shape A. Let us define the weight of T as the
monomial zT = xt - apk, where the integer i; (1 < j < k) appears in T' n; times.
Then the character of a simple SL,,(C)-module W () is given by the Schur function
sx(x1,...,2,) which is defined as the weight generating function of all SSYT of shape
A,

Sx (@1, Tm) = Z 2T,

T: SSYT of shape A
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(1,1)](1,2)((1,3)](1,4)|(1,5)

(2,1)[(2,2)[(2,3)](2,4)

(3,1)[(3,2)((3,3)

Fig. 4.2. The coordinates of the boxes of (5,4, 3).

ol1]2]3]a 31|
“1ol1]2 50431
—o|=1l 0 321

Fig. 4.3. The contents and the hook lengths of the boxes of (5,4, 3).

In particular, by specializing the variables z; (1 <4 < n) to 1, we get the dimension of

W),
dim W(A) = # SSYT of shape A filled with entries from {1,...,m}.

This number can be calculated in a combinatorial way by the hook length formula. To
explain this formula, we first put coordinates on the boxes of the Young diagram of
A= (A,..., Am) by identifying it with the set {(4,7) : j € [\i], ¢ € [m]}. For example,
the coordinates of the integer partition (5,4, 3) are depicted in Fig. 4.2.

The content of a box u = (i,7) in the Young diagram of X is defined as c¢(u) := j — 1.
The hook length of u, denoted by h(u) is defined as the number of boxes directly to the
right of w and directly below w, counting w itself once. In Fig. 4.3, the diagram on the
left shows the contents and the diagram on the right shows the hook lengths of the boxes
of A.

In this notation we have the following concrete form of the Weyl’s dimension formula,

m+ c(u)

1,....1) = —_—. 4.9
SA( ) ) ) H h(u) ( )
u€Young diagram of A
Example 4.10. Let V be a three dimensional vector space over C. Let [ = 2. In this
case, the partition corresponding to the dominant weight w; is A = (1,1), and there-

~

fore, we have the following SSYT tableaux for the irreducible representation W (\) &

HO(Gr(2,V), L(w2)):

Note that, corresponding to each SSYT of shape A, there is a Pliicker coordinate
function. For the tableaux in the above example, the Pliicker coordinate functions are
given by p12,p13, and po3. In particular, we have



20 M.B. Can et al. / Finite Fields and Their Applications 76 (2021) 101905

1|1 1|1 1|1 1|2 1|2 2|2
2|2 313 213 213 313 313

Fig. 4.4. The set of SSYT of shape (2, 2) with entries from {1, 2, 3}.

dim W () = dim H*(Gr(2,V), L(ws)) = 3.

Example 4.11. We preserve our notation from Example 4.10. The partition corresponding
to 2ws is given by A = (2,2). Thus, the SSYT’s corresponding to the “Pliicker coordi-
nates” of the embedding for the line bundle £(2w3) are listed in Fig. 4.4. In particular,
we see that HO(Gr(2,C?), £L(2w2)) is six dimensional. Of course, we can get the same
count by using formula in (4.9).

Before we describe an application of this combinatorics to our main theorem, let us
point out, by our running example, that for every sufficiently big characteristic p > 0,
the SL,, (F,)-module H(rw;) is simple.

Example 4.12. For SLs3, p denotes w; + ws. Then 2wy + p = w; + 3ws. By definition,
the fundamental dominant weight c; is the dual of the coroot ). Therefore, we have

(w1 + 3w, af)

L,
(w1 + 3w, ay ) = 3,
<w1 +3YD2,(C¥1 +042)v> 4.

Now by Remark 2.10, we see that for every prime characteristic p > 5, the SL3(F,)-
module W () is simple.

Corollary 4.13. For every sufficiently big prime characteristic p, the dimension of the
code C' defined in Theorem /.1 is given by

o(m =)™

. _II
dim H® (rw;) = Hizl(i)(’")

Proof. Thanks to Remark 2.10, we know that for every sufficiently big prime character-

(4.14)

istic, the SL,,-module H°(rw;) is simple. Theorem 4.1 implies that the dimension of our
code is given by the Weyl’s dimension formula. The integer partition A = (A1,..., Am)
that corresponds to the dominant weight rw; is given by

M=--=XN=r and \j=0 forje{l+1,...,m}.

The contents and the hook lengths of the boxes of A are depicted in Fig. 4.5.
To finish the proof, we will use the formula in (4.9) by using the content and hook
length tableaux that are shown in (4.5). To keep track of the products, we multiply
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0 1 2 r—1 l4r—1[l+r—2[l+r—3 - !

—1 0 1 r—2 l+r—2|l+r—2|l+r—3] - 1—1
—@-D|-(-2|--3)| - |-t-m r re1 | r-2 1
Fig. 4.5. The contents and the hook lengths of the boxes of (r,...,r,0,...,0).

the entries row-by-row, from top-to-bottom. We multiply the entries of the rows of the
content tableau from left-to-right:

Row1:m-(m+1)---(m+r—1)=m),
Row2:(m—1)-m---(m+r—2)=(m—1)"),

Row 1 ;(m—(l—1))-(m—(l—Q))~-~(m—(l—7‘))=(m—(l—1))(”~

Thus, the numerator of the hook length formula is given by Hé;é(m —4)("). For the hook
length tableau, we multiply the entries of the rows from right-to-left:

Row 1 :1

S+ (=) =10,
Row2:(I—1)-1--

1) (A+r=2)=(1-1",

Rowl :1-2---7=(1)"),

Then the denominator of the hook length formula is given by Hi;é(l +)("). This finishes
the proof of our corollary. O

Proof of Theorem 1.3. In light of Remark 2.10, we choose a sufficiently large prime char-
acteristic p so that H%(rw;) is a simple SL,,-module. Then the dimension k of our
code is equal to dim H(rw;). Hence, our theorem follows from Theorem 4.1 and Corol-
lary 4.13. O

Example 4.15. We consider the embedding associated with the highest weight 2ww3 of the
Grassmann variety Gr(3,F 5’), where the characteristic of I, is sufficiently large so that
H°(2w3) is a simple SLs-module. Then the parameters of our code are given by

5] _ [5la4]4[3lq 2 03 o4 5. 6

n = = =1+q¢+2¢"+2¢°+2¢" +¢ + ¢,
[3L Bla[2l4[1]

5(2)4(2)3(2

T 1292232

) 5.6-4-5-3-4
= = 50,
) 1.2-2-3-3-4
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and
-2 <d<q® -
Note that, if ¢ > 3, then n — d is significantly bigger than k = 50.
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